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In this paper we give an algorithm for generating all tournament score sequences of a given 
length in lexicographic order. We also show how to construct a tournament with a given score 
sequence. 
1. Introduction 
A tournament of order n is a loopless digraph T = (V, A), where V = 
(192,. . . , n}, such that there exists exactly one arc between any pair of distinct 
vertices i and j. The score of a vertex i, denoted by ST(i) (or simply s(i)), is 
defined as the outdegree of i. Unless otherwise specified, we shall assume that 
s(l) is(2) 6 . * * Cs(n). The sequence (s(i)) = (s(l), s(2), . . . , s(n)) is called 
the score sequence of T. 
To be able to enumerate all score sequences of a given length, one must first 
know a necessary and sufficient condition for a non-decreasing sequence of 
integers to be a score sequence. Such a condition is given in a characterization 
theorem proved by Landau [4] in 1953. 
Theorem 1 [4]. A non-decreasing sequence of n integers (s(i)) is a score sequence 
if and only if 
for each k = 1,2, . . . , n with equality for k = n. 
We shall find an equivalent characterization of score sequences which is very 
helpful in the lexicographic enumeration algorithm established in this paper. 
Let (s(i)) be any sequence of integers. We define the (transitive) deviation 
sequence of (s(i)) to be the sequence (d(i)) = (s(i) -i + 1). We shall call d(i) 
the deviation of s(i). It is easy to see that (s(i)) is non-decreasing if and only if 
d(i)-d(i + l)<l for each i <n. It is also easy to check that for each 
k = 1, 2, . . . , n, CF==, d(i) = Cfzls(i) - (t). From this, we see that a non- 
decreasing sequence of n integers (s(i)) is a score sequence if and only if its 
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deviation sequence (d(i)) satisfies Cf==, d(i) 3 0 for k = 1, 2, . . . , n with equality 
for k = n. 
2. Lexicographic enumeration of score sequences 
Let (s(i)) and (s’(i)) be score sequences of length n. We say that (s(i)) 
precedes (s’(i)) if there exists a positive integer k c n such that s(i) = s’(i) for 
each 1~ i < k and s(k) <s’(k). (They are equal if equality holds for all i.) In 
symbols we shall write (s(i)) c (s’(i)) if (s(i)) precedes (s’(i)). We say that 
(s’(i)) is the successor of (s(i)) if they are distinct, (s(i)) s (s’(i)), and 
(s’(i)) =S (s”(i)) whenever (s(i)) s (s”(i)). 
An enumeration of all score sequences of a given length with the property that 
the successor of any score sequence follows it immediately in the list is called a 
lexicographic enumeration. 
Let us take note of two important facts. First, the score sequence 
(0, 1, 2, . . * 9 n - 1) is not the successor of any score sequence of length n and 
hence it is always the first in the lexicographic enumeration. Second, (s(i)) has 
no successor if and only if s(n) -s(l) G 1. 
If we know the first sequence in a lexicographic enumeration, then we can 
complete the work provided we know how to get the successor of any given 
sequence. 
The successor (s’(i)) of (s(i)), if there is any, can be obtained as follows. 
(1) Determine the maximum k such that s(n) - s(k) 3 2. 
(2) Let s’(i) = s(i) for all i, i <k. 
(3) Let s’(k) = s(k) + 1. 
(4) Let s’(j) = s(k) + 1 until Cl,=, s’(i) < (4). 
(5) Let t be the minimum j such that C{=, s’(i) < (4); 
Set s’(t) = (i) - CfI: s’(i). 
(6) Let s’(i) = i - 1 for all i, t < i d n. 
3. Constructing a tournament with a given score sequence 
One method of constructing a tournament with a given score sequence can be 
found in [l]. Here we shall give another method of construction and prove its 
validity. 
Lemma 1. Let (s(i)) be a score sequence of length n with deviation sequence 
(d(i)). 
(a) If max{d(i)} = M > 0, then for each 1 <k c M, there exists a vertex x such 
that d(x) = k. 
(b) Zf min{d(i)} = m < 0, then for each -1 2 k 2 m, there exists a vertex x such 
that d(x) = k. 
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Proof of (a). Certainly, (a) is true for k = M. We shall prove that (a) is true for 
all 1 s k <M by (backwards) induction on k. Let 1 <k <M and assume that (a) 
holds for k + 1, i.e. there exists a vertex x such that d(x) = k + 1. Since d(n) =G 0, 
there exists t >x such that d(x) = d(t) > d(t + 1). Since d(t) s d(t + 1) + 1, we 
have d(t + 1) = d(x) - 1 = k. Hence (a) holds. Part (b) can be proven using a 
similar kind of argument. •i 
Lemma 2. Let (s(i)) b e a score sequence of length n with deviation sequence 
(d(i)). Zf c is the number of negative terms, then c 3 max{d(i)}. 
Proof. Let p = max{d(i)). If p = 0, then c = 0 by Theorem 2 and the Lemma 
holds. If p > 0, we consider the following cases. 
Case 1. There exists a vertex k such that d(k) < 0 and Id(k)1 ap. 
By Lemma 1, c 3 Id(k)( ap 
Case 2. For each negative deviation d(k), Id(k)/ <p. 
Let q = max{ Id(i)} ( : d(i) < 0} and suppose that c <p. Then using Lemma 1, 
&i)<o Id(i)1 4 1 + 2 + . . . + q + (p - q)q. But by Theorem 1, Cd(i)GO)d(i)) = 
,&i),,J d(i) and by Lemma 1, Cdcij,o d(i) 3 1 + 2 + . . . + p. Hence, q(q + l)/ 
2 + (p - q)q >p(p + 1)/2. This gives the quadratic inequality p2 - (2q - l)p + 
q(q - 1) < 0 which implies that q - 1 <p < q. This is absurd since p and q are 
integers. Hence, c ap. q 
We are now prepared to describe and validate an algorithm for constructing a 
tournament with a given score sequence, which is a main result of this paper. 
Construction algorithm. Let (s(i)) be a score sequence of length n with deviation 
sequence (d(i)). First we take n vertices arranged horizontally and labelled 
1,2,. . .) n from left to right. 
Step 1. Subdivide (d(i)) t m o maximal non-increasing segments and denote by p 
the number of segments in the subdivision. Let n, be the number of negative 
deviations in the ith segment (counting from left to right). 
Step 2. Let j be the least integer such that d(j) > 0. If no such j exists, go to Step 
6. Else, determine the least integer q such that Cieq ni 2 d(j). For each i in the 
segments to the left of the qth segment such that d(i) < 0, let d’(i) = d(i) + 1 and 
draw the arc ji. 
Step 3. Let o = d(j) - Ci<q nj and choose o smallest (negatively largest) devia- 
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tions d(i) in the qth segment. For each such d(i), let d’(i) = d(i) + 1 and draw the 
arc ji. Let d’(j) = 0. 
Step 4. For all other deviations d(i) not changed in the preceding steps, let 
d’(i) = d(i). 
Step 5. If (d’(i)) # (0)) go to Step 1 using {d’(i)) in place of (d(i)). 
Step 6. Whenever u < u and there is no arc between u and 21, draw the arc vu. 
Step 7. The resulting digraph is a tournament with score sequence (d(i)). 
Let us now analyze Algorithm 3 to see its validity. Clearly, Step 1 can always 
be carried out. Step 2 can be done in view of Lemma 2. Step 3 can be 
implemented because of Step 2. We can obviously do Step 4. Furthermore, we 
see that after this step, (d’(i)) satisfies d’(i) - d’(i + 1) s 1 for all 1s i < n. Now, 
what happens when we reach the stage (d’(i)) = (0)? Let G’ be the digraph 
formed at this stage. Then it is easily seen that for each vertex i in G’, we have 
ad,,(i) = d(i), if 3 0 d(i) 
o 
, if d(i) 0 < 
id&i) = 0, if 2 0 d(i) 
-d(i), if d(i) < 0 
4 i ) D 1 2 3 4 5 6 7 8 9 10 11 12 
(d(i)> : 3 3 2 1 0 -1, 0 -I -2 -3 -1 -1 
<d’(i)>: Q 3 2 1 0 0 0 -1. -1 -2 -1 -I& 
O- 0 2 1 0 0 0 0 0 -1 -1 -L 
0 0 0 1 0 0 0 0 0 0 0 -1 
0 0 0 0 0 0 0 0 0 0 0 0 
Fig. 1. The above digraph is the result after using Algorithm 3 up to the stage where (d’(i)) = (0). 
We complete it into a tournament by adding all the arcs ij, (i > j), between two vertices i and j which 
are not yet jointed by any arc. 
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Let T be the tournament formed after Step 6, and let i be any vertex of T. If 
d(i) 3 0, then we have s(i) = ad(i) = o&(i) + i - 1 = s(i). If d(i) < 0, then we 
have id(i) = i&(i) + n -i = -d(i) + n -i and hence s(i) = ad(i) = (n - 1) - 
id(i) = d(i) + i - 1 = s(i). Therefore, the score sequence of T is (s(i)). 
Example. Construct a tournament with score sequence (s(i)) = (3, 4, 4, 4, 4, 4, 
6, 6, 6, 6, 9, 10). 
We have (d(i)) = (3, 3, 2, 1, 0, -1, 0, -1, -2, -3, -1, -1). Using the 
algorithm up to the point when (d’(i)) = (0), we obtain the graph G’ shown in 
Fig. 1. (The maximal non-increasing segments of each (d’(i)) are underlined.) 
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